''Pseudo-cohomology, '' as a refinement of Lie group cohomology, is soundly studied aiming at classifying the symplectic manifolds associated with Lie groups. In this study, the framework of symplectic cohomology provides fundamental new insight, which enriches the analysis previously developed in the setting of CartanEilenberg H 2 (G,U(1)) cohomology.
I. INTRODUCTION
From the strict mathematical point of view, the orbits of the coadjoint representation of Lie groups provide a source for symplectic manifolds on which a given Lie group acts as a group of symplectomorphisms, i.e., G-symplectic manifolds. Even, for finite-dimensional semisimple groups, this mechanism essentially exhausts all models of they. These G-symplectic manifolds could then be considered as phase spaces of physical systems for which G can be called the ''basic symmetry.'' From the physical point of view, however, the simplest physical systems ͑the free nonrelativistic particle, for instance͒ possess a phase space endowed with a symplectic form whose associated Poisson bracket realizes the Lie algebra of a central extension of the basic ''classical'' symmetry. Central extensions of Lie groups by U͑1͒, associated with projective unitary representations, were classified long ago by Bargmann 1 by means of the cohomology group H 2 (G,U(1)). 2 Later, the momentum map from the phase space to the coalgebra G* of the basic ''classical'' symmetry group, constructed with the set of Noether invariants of the physical system, was used by Souriau 3 to define the symplectic cohomology group H S 1 (G,G*) characterizing equivalently the central extensions of a simply connected group G.
In this paper we revisit the notion of Lie group ''pseudo-cohomology'' in an attempt to classify all possible ͑quantizable͒ G-symplectic manifolds for an arbitrary Lie group G, in such a way that both coadjoint orbits and phase spaces realizing central extensions can be put together into ͑''pseudo''-͒cohomology classes. By the way, the prefix ''pseudo'' had its origin 4 in the fact that the corresponding central extensions are trivial from the mathematical point of view, the associated cocycle being a coboundary, although they behave as if they were non-trivial in some aspects, as we shall show.
Our study here is made in the language of symplectic cohomology of Lie groups. The insight provided by the natural and explicit role of phase spaces in symplectic cohomology offers a more intuitive understanding of the significance of pseudo-cohomology in classifying dynamics, as well as an easier mathematical handling which allows a generalization of the mathematical results obtained in its original presentation. 5, 6 Roughly speaking, pseudo-cohomology emerges as a refinement of the equivalence classes of 2-cocycles in the cohomology group H 2 (G,U (1)). The first clues for the need of such a refinement occurred when studying the problem of the Inönü-Wigner contraction of centrally extended Lie groups ͑see Saletan 7 ͒. An example of this need appears in the contraction Poincaré →Galileo where a special kind of trivial 2-cocycles in the Poincaré group, become true ͑non-trivial͒ 2-cocycles for the Galileo group in the c→ϱ limit. The underlying reason is that, while the 2-cocycle is well-behaved in the limit, its generating function is not, thus occurring a generation of cohomology. 4 The second indication for the need of pseudo-cohomology appeared in the context of generalized Hopf fibrations of semi-simple Lie groups related to Č ech ͑true, i.e., noncoboundary͒ cocycles of coadjoint orbits. Such pseudo-cocycles play in fact a fundamental role in the explicit construction of the local exponent associated with Lie-algebra cocycles of the corresponding Kac-Moody groups. 8 In spite of these antecedents, the importance of pseudo-cohomology is more evident in the framework of Group Approach to Quantization ͑GAQ͒, a group theoretical quantization scheme designed for obtaining the dynamics of a physical system out of a Lie group. 9 In particular, GAQ starts from a central extension G of a Lie group G by U͑1͒ in such a way that the symplectic form of the classical phase space is derived from the 2-cocycle which defines the central extension. Nevertheless, the correspondence between central extensions and symplectic forms is not one-to-one. The most obvious illustration of this is the case of groups with trivial cohomology group H 2 (G,U (1)) ͑such as the Poincaré group in 3ϩ1 dimensions or finite-dimensional semisimple groups͒. In fact, even though these groups do not admit nontrivial central extensions, genuine symplectic structures and dynamics can be derived out of them. 4, 8 The rationale for this is the existence of 2-cocycles which are coboundaries, and therefore trivial from the cohomological point of view, but which do define authentic symplectic structures. Coboundaries with this property are called pseudo-cocycles, giving rise to trivial central extension referred to as pseudoextensions.
The study of this mechanism and the characterization of the classes of pseudo-extensions associated with nonequivalent symplectic structures, led in an explicit way to the notion of pseudo-cohomology, constituting the more systematic and clarifying approach to the problem. 5, 6 This standard view of pseudo-cohomology is described in the next section.
II. PSEUDO-COHOMOLOGY IN GAQ
As commented in the introduction, GAQ is a formalism devised for obtaining the ͑quantum or classical͒ dynamics of a physical system out of a Lie group ͑of its symmetries͒. The starting point is a central extension G of the symmetry group G by U͑1͒ ͑or R to recover the classical dynamics͒, determined by a 2-cocycle ͑local exponent͒ :GϫG→R. The group law then reads
where g Љ,g Ј,gG and Љ, Ј,U(1). On the Lie group G we have at our disposal left-and right-invariant vector fields. If we choose a coordinate system (͕g This connection 1-form, named the quantization 1-form, depends directly on the 2-cocycle and can be used to define a symplectic structure in a unique manner. In fact, if G ⌰ is the characteristic distribution of ⌰, i.e., the intersection of the kernel of ⌰ and d⌰, then G /G ⌰ is a quantum manifold P. 9, 10 This means that G /G ⌰ is a contact manifold with contact 1-form ⌰͉ P . The quantum manifold P is in turn a U͑1͒ Principal bundle U(1)→ P→ S with base a symplectic manifold, Sϭ P/U(1) endowed with a symplectic form such that *ϭd⌰.
The symplectic structure (S,) is not completely determined by the cohomology class to which the 2-cocycle belongs. In fact, different yet cohomologous 2-cocycles can lead to completely different symplectic structures (S,) ͑think, for instance, of a semisimple Lie group, with trivial cohomology but with many different kinds of symplectic structures determined by its coadjoit orbits͒. This phenomenon suggests, again, a refinement in the classification of 2-cocycles in such a way that a one-to-one correspondence between the refined classes and the symplectic structures could be established. This refinement will define pseudo-cohomology. Therefore, the latter is intrinsically tied to the classification of possible symplectic structures constructed out of a Lie group.
The main idea for the definition of these subclasses in H 2 (G,U(1)) can be intuited from the expression of ⌰ in terms of the 2-cocycle :
If, now, a 2-coboundary (gЈ,g)ϭ(gЈ * g)Ϫ(gЈ)Ϫ(g) generated by the function :G →R, is added to , the expression for the new quantization 1-form ⌰Ј ͓as the U͑1͒-component of the canonical 1-form for the centrally extended Lie group defined by ϩ ] is given by
where i 0 ϵ ͓‫(ץ‬g)/‫ץ‬g i ͔ ͉ gϭe . Thus, the new term ⌰ added to the connection 1-form ⌰ by the inclusion of a 2-coboundary depends only, up to a total differential, on the gradient at the identity 0 of the generating function (g). In fact, if we denote ⌰ 0ϭ i 0 L(i) , then the total differential disappears when the presymplectic 2-form d⌰ is considered, in such a way that d⌰Јϭd⌰ ϩd⌰ 0.
From these considerations two conclusions can be drawn: ͑i͒ A 2-coboundary contributes nontrivially to the connection 1-form ⌰ and to the symplectic structure determined by d⌰, if and only if 0 0. ͑ii͒ This contribution depends only ͑up to a total differential, which does not affect the symplectic structure͒ on the local properties of the generating function (g) at the identity of the group, through its gradient at the identity 0 .
A 2-coboundary such that 0 0 is named a pseudo-cocycle. The name reflects the fact that they are trivial 2-cocycles but, from the dynamical point of view, behave as if they were nontrivial. If we consider the group G centrally extended by this pseudo-cocycle , the extended group G is isomorphic to GϫU (1) . However, we will refer to this extension as a pseudo-extension, to underline the fact that, although trivial as a central extension, it can lead to a nontrivial symplectic structure and nontrivial dynamics.
The next point to explore is the conditions under which two different 2-coboundaries, and Ј , generated by functions and Ј with different gradients at the identity 0 and Ј 0 , determine the same symplectic structure (S,), up to symplectomorphisms. This condition will define a refined equivalence relation inside each cohomology class. For the sake of simplicity, we shall restrict ourselves to simply connected Lie groups.
The clue in the definition of the new equivalence relation is given by the fact that 0 defines an element of G*, the dual of the Lie algebra G of G, usually named the coalgebra. This can be seen by noting that ⌰ 0ϭ i 0 L(i) defines, at the identity of G, an element of G* given by ⌰ 0͉ gϭe ϭ 0 . It is also important to note that ⌰ ͉ gϭe ϭ0G* ͑due to the presence of d͒, in such a way that the quantization 1-form ⌰ verifies ⌰͉ gϭe ϭ(0,...,0,1)G *, whatever the 2-cocycle we are considering ͑here G * is the dual of the extended algebra G associated with the extended group G ). This fact will be of relevance in the relationship between pseudo-cohomology and symplectic cohomology.
Once we have established that 0 G*, it is natural to propose their classification in accordance with the coadjoint orbits. This will prove to be the correct ansatz, provided we use the correct coadjoint action.
A bit of notation is in order. Let us denote the equivalence class of the cocycle , defining a certain central extension G of G by U͑1͒, by ͓͓͔͔H 2 (G,U (1)). We are going to introduce a further partition in each class ͓͓͔͔ into equivalence subclasses ͓͔.
For the sake of clarity, we shall firstly define this partition for the trivial cohomology class ͓͓͔͔ 0 , made out of trivial cocycles, i.e., 2-coboundaries . This would be enough for groups with trivial cohomology H 2 (G,U(1))ϭ0 ͑that is, with only the trivial class͒, such as finitedimensional semisimple groups or the Poincaré group ͑in 3ϩ1 dimensions͒. It is also valid for fully centrally extended groups G , for which H 2 (G ,U (1))ϭ0. The case of groups with nontrivial cohomology or nonfully central-extended groups G , with H 2 (G ,U(1)) 0, will be considered in Sec. II B.
A. The trivial class
Given a Lie group G, a natural action of G on G* is provided by the coadjoint action Coad, defined as the dual of the adjoint action of G on G. More explicitly, with the adjoint action of
•X, where gG, XG and L g T , R g T stand for the tangent application to the left and right translations, respectively, the coadjoint action Coad:G →Aut(G*) has the form Coad(g)(X)ϭ(Adg Ϫ1 (X)), where G*. It is also convenient to make explicit the infinitesimal version of this action. Linearizing on the g variable we obtain the coadjoint action of the Lie algebra on the coalgebra: (Coad)
T (e)ϵcoad:G→End(G*). Its explicit expression is given by
The orbits of this action are specially relevant in our study. Given a point G*, the orbit through this point by the action of the whole group G is Orb()ϭ͕Coad(g) / gG͖, diffeomorphic to G/G where G is the isotropy group of . The coadjoint action determines a foliation of G* in orbits, in such a way that any point belongs to one ͑and just one͒ orbit ͓by definition, the point belongs to Orb()], and two points in the same orbit are always connected by the coadjoint action.
Coadjoint orbits of Lie groups are interesting from the physical point of view since they possess a natural symplectic structure ͓Orb(),͔ with the symplectic form given by
where Orb()ʚG*, X ,Y T (Orb()) and XG is related to X T (Orb()) by X ϭcoad(X), and analogously for Y and Y ͑note we are using the fact that G* is a linear space in order to identify its points with tangent vectors͒. There is a close relationship between pseudo-extensions and coadjoint orbits, that can be stated as follows. A pseudo-extension characterized by the generating function (g) with gradient at the identity 0 0 defines a presymplectic form d⌰ ϭd⌰ 0 depending only on 0 . In the trivial case we are discussing in this section, the quotient of G by the characteristic subalgebra G ⌰ 0 ϵker ⌰ പker d⌰ 0, defines a quantum manifold P, and the quotient SϭG /(G ⌰ 0 ϫU(1)) ϳG/G ⌰ 0 is a symplectic manifold with symplectic form 0 given by * 0ϭ d⌰ 0, where : P→S is the canonical projection and G ⌰ 0 is the ͑connected͒ subgroup associated with G ⌰ 0 . G/G ⌰ 0 is in fact locally diffeomorphic to a coadjoint orbit ͑the one passing through 0 ). This can be seen by noting the following:
͑a͒ The presymplectic form adopts the expression d⌰ 0ϭ
, ͑5͒ when using the Maurer-Cartan equations, and therefore,
where ͕X i L ͖ is a basis for G and 0 G*, thus reproducing ͑4͒ ͑before falling down to the quotient͒. ͑b͒ The characteristic group G ⌰ 0 coincides with ͑the connected component of͒ the isotropy group of 0 , G 0 under the coadjoint action, thus defining ͑locally͒ the same quotient space. Using the transformation properties of left-invariant 1-forms under translation by the group, it is easy to check that
where Ad(g)* denotes the pull-back of the adjoint action of the group on itself ͑conjugation͒, acting on L(i) , and on the right-hand side Coad(g) acts on 0 . Although the connection 1-form is given by ⌰ rather than ⌰ 0, the symplectic form is determined by just 0 , and it transforms in a similar way,
These results can be summarized in the following proposition. 
͑10͒
Proof: It simply remains to prove that the two spaces
are conjugated subgroups by the adjoint action and this implies that the two spaces
This suggests us to define the equivalence relation in ͓͓͔͔ 0 in the following way. Then pseudo-cohomology is a further partition of ''linear'' coboundaries into equivalence classes through the coadjoint action of the group G on G* ͑for the trivial class, at the moment͒. However, the correspondence between pseudo-cohomology classes and coadjoint orbits for a Lie group G is not onto. The relation is established in the following theorem.
Proposition 2: Pseudo-cohomology classes are associated with coadjoint orbits which satisfy an integrality condition: the symplectic 2-form naturally defined on the coadjoint orbit by (4) has to be of integer class.
In fact, this integrality condition is required for 0 to define a global coboundary on G; nonintegral coadjoint orbits of G cannot be related to central pseudo-extensions of G, since they do not define a proper ͑global͒ Lie group.
Proof: A ͑pseudo-͒centrally extended Lie group gives rise to a quantum manifold in the sense of geometric quantization ͑see Sec. II͒ when taking quotient by the characteristic subalgebra. 9 Therefore, as a consequence of the necessary and sufficient condition for the existence of a quantization of a given symplectic manifold ͑see Refs. 10 and 9͒, the closed 2-form on the coadjoint orbit is of integer class.
Let us see another way of looking at the integrality condition. The vector 0 is an element of G* and, therefore, it is a linear mapping from G to R. It is easy to check that when restricted to G 0 ͑the Lie algebra of the isotropy group G 0 of the coadjoint orbit passing through 0 ), 0 defines a one-dimensional representation of the latter. Then, the integrality condition on the coadjoint orbit parallels the requirement for 0 of being exponentiable ͑integrable͒ to a unitary character of the group G 0 ͑note however that this remark resorts to the level of representation theory of the group, whereas the above-stated theorem involves only the Lie group structure͒.
This relationship between integrality condition of the coadjoint orbit and ''integrality'' of the character defined by 0 reveals, in passing, that the coadjoint orbit method of 11, 12 intended to obtain unitary irreducible representations of Lie groups using ͑what in Physics is now known as͒ geometric quantization 10 on coadjoint orbits of Lie groups, is a particular case of the induced representation technique of Mackey. 
where X 0 is the ͑central͒ generator associated with U͑1͒ ͑our convention is to take X 0 ϭiI in any faithful unirrep of Ǧ ). The left-invariant vector fields of Ǧ ͑denoted with check͒ are related to those of G by
with a similar relation for the right-invariant vector fields. From this point of view, central pseudo-extensions are on the same footing as true ͑nontrivial͒ central extensions, and we can employ with them the same techniques for obtaining ͑projective͒ unirreps of G ͑especially for semisimple Lie groups͒. Once a projective representation of G ͑which is a true representation of Ǧ , the pseudo-extended group͒ has been obtained in this way, in order to obtain the true ͑nonprojective͒ representations of G associated with it we simply redefine the generators in the following way:
or, equivalently, redefine the functions of the Hilbert space carring the representation by multiplying them by an appropriate factor.
B. Nontrivial classes
Let us consider now nontrivial cohomology classes ͓͓͔͔ ͓͓͔͔ 0 , in the case of groups G with nontrivial cohomology, or extended groups G which still admit further central extensions, that is, with H 2 (G ,U (1)) 0. In order to proceed, a representative element ͓͓͔͔ must be chosen. We can add to a coboundary generated by a function , with nontrivial gradient at the identity of G. The resulting cocycle Јϭϩ defines a new central extension G Ј of G isomorphic, from the group-theoretical point of view, to G . The question is whether these pseudo-extensions can be classified into equivalence classes leading to the same symplectic structures, as in the case of the trivial class of Sec. II A. The naive classification in coadjoint orbits of the group G does not work in this case ͑since there is a mixture of true cohomology and pseudo-cohomology͒, and there is no clue, at this level, of how the classification should be done.
The direct relation between pseudo-cohomology and coadjoint orbits obtained for the trivial class, allows us to resort to symplectic cohomology, as a tool for classifying symplectic structures ͑see Sec. III͒, to come in our help. In this framework, it will be shown that a classification of pseudo-cocyles in the nontrivial classes is possible and entails a slight generalization with respect to that of the trivial class, in the sense that the classification should be done using the deformed coadjoint action ͑associated with the central extension determined by the nontrivial class we are considering͒.
III. SYMPLECTIC COHOMOLOGY
In the preceding section we have seen how GAQ can be used to define symplectic structures out of a Lie group, naturally leading to the notion of pseudo-cohomology. In this section we review a different approach to the discussion of the symplectic structures defined in terms of a Lie group G. First, we briefly recall the fundamentals of the so-called symplectic cohomology of G. The rationale for this structure can be found in the context of momentum mapping ͑Ref. 3 and below͒. Second, we use this mathematical structure to classify a family of symplectic spaces which generalize the ones obtained by the coadjoint action of a group G.
A. Lie group cohomology. Symplectic cohomology
Given a Lie group G, an Abelian Lie group A and a ͑left͒ action L of G on A, we define the n-cochains ␥ n as mappings
in such a way that the standard sum of mappings
endows the space of n-cochains, denoted as C L n (G,A), with the structure of an Abelian group. The
satisfying the nilpotency condition ␦‫␦ؠ‬ϭ0. We can define the subspaces of n-cochains Z n ϵKer(␦)ʚC L n (G,A), whose elements are closed n-cochains and B n ϵIm(␦)ʚC L n (G,A), whose elements are n-coboundaries. Two exact n-cochains are equivalent if their difference is a coboundary. Cohomology groups are defined by this equivalence
and their elements are called n-cocycles. For the first cohomology groups the expression of ͑17͒ takes the form
͑19͒
As we will see below, the generalization of the coadjoint action and its associated orbits naturally involves a cohomological structure. In order to address this point, we consider the general elements above and choose AϭG* and LϭCoad, i.e., the coadjoint action of G on G*. Symplectic cohomology H S (G,G*) is defined out of this cohomology group by restricting the 1-cocycles to functions ␥ which satisfy the following antisymmetry condition on its differential ␥ T :
The reason for this condition will be apparent in the next section. For the sake of completeness, we mention that the cohomology group H 2 (G,U(1)) we found in the preceding section and which classifies the central extensions of the Lie group G, is obtained by setting AϭU (1) and L as the trivial representation in the general construction above of Lie group cohomology. Second and third lines in ͑19͒ then define the expression of a coboundary and the cocycle condition.
B. Deformed coadjoint orbits
As we have seen in Sec. II A, orbits of the coadjoint action of a group G on its coalgebra G* constitute a class of symplectic manifolds characterized in terms of group-theoretical structures.
Symplectic cohomology provides a way of introducing a notion of affine-deformations of coadjoints actions which allow us to generalize the notion of coadjoint orbit. Defining the mapping g‫ۋ‬Coad ␥ (g)
the condition for this expression to actually define a ͑left͒ action of G on G*, i.e., Coad ␥ (gЈg)ϭCoad ␥ (gЈ)(Coad ␥ (g)), reduces to expression ͑20͒, which is simply the cocycle condition in H S (G,G*).
On the other hand, and denoting the orbit of Coad ␥ through the point 0 G* by Orb ␥ ( 0 ), we note that ␥ functions which differ by a coboundary, ͑21͒, define the same set of orbits. In fact, since
we realize that Orb ␥ϩ⌬ ( 0 ) and Orb ␥ ( 0 ϩ) coincide modulo a translation by . Therefore, if we allow to vary on G*, each element in H Coad 1 (G,G*) characterizes a family of orbits ͑modulo translations͒ obtained from the deformed coadjoint action on G*.
Finally, the antisymmetry condition on ␥ T (e) is necessary in order to define a symplectic structure on Orb ␥ (). If we define
the following theorem follows ͑Ref. 3͒. Theorem: The orbit Orb ␥ ()ʚG* admits a symplectic form which is pointwise given by
where XG is related to X T (Orb ␥ ()) by X ϭcoad ␥ (X) and analogously for Y and Y ͓where coad ␥ ϵ(Coad ␥ ) T (e)].
C. Convergence with the problem of central extensions
In Sec. II the techniques of GAQ were used in order to define a specific symplectic structure that could be used as the support for the Hamiltonian description of a classical system. The algorithm started from a U͑1͒-centrally extended Lie group G , where the 2-cocycle which defines the central extension permits the identification of the set of variables building the sought phase space ͑for concreteness, those coordinates associated with nonvertical vector fields which are absent from the characteristic module of ⌰ϵ L() ). However, the object classifying the nonisomorphic U͑1͒-central extensions of G, H 2 (G,U(1)), is not fine enough in order to classify the specific symplectic spaces, since some ambiguity still remains linked to the choice of the particular coboundary for the 2-cocycle.
In an analogous manner, the approach followed in this section, based on deformed coadjoint actions, permits the classification of the different classes of deformed coadjoint orbits by the elements of H S (G,G*), but not the characterization of individual symplectic spaces.
Therefore, the crucial mathematical structures of both approaches, the groups H 2 (G,U(1)) and H S (G,G*), respectively, need to be refined in order to account for such specific symplectic manifolds.
Even at this intermediate step, a nontrivial convergence occurs between the conceptually different problems of classifying the central extensions of a given Lie group G by U͑1͒, on the one hand, and the affine deformations of the coadjoint actions on G*, on the other hand. In fact, the same object classifies the solutions to both problems, since H 2 (G,U(1))ϷH S (G,G*). Although we shall dwell on this point in Sec. III C 2, we can outline this equivalence by noting that, for simply connected groups, the isomorphism H 2 (G,U(1))ϷH 2 (G,U (1)) is satisfied and therefore it is enough to discuss the equivalence at the infinitesimal level. ͑On behalf of concision, we avoid a presentation of Lie algebra cohomology and refer the reader to standard references like Ref. 14. We just note that for simply connected groups, Lie algebra cohomology emerges as an infinitesimal version of Lie group cohomology.͒ In fact, the cocycle condition ͑20͒ implies the following condition on its differential ⌫(X,Y ): 
which is the coboundary condition in H 2 (G,U (1)). In Sec. II, pseudo-extensions have been introduced as the element necessary to account for the specific symplectic manifolds, that we can construct out of a Lie group G via a central extension of it. However the discussion was carried out only for the trivial class of H 2 (G,U (1)). For the nontrivial cohomology classes the analysis was not so straightforward. However the convergence with the approach based on symplectic cohomology, and which aims directly at the problem of defining symplectic structures completely in terms of a Lie group, sheds a new light on the problem. From this perspective, the characterization of a specific symplectic structure for a ͑in general nontrivial͒ cohomology class ␥ of H 2 (G,U(1))ϷH 2 (G,U (1)), simply parallels the characterization of a particular orbit in the family of orbits defined by Coad ␥ .
Singularization of coadjoint orbits in symplectic cohomology
In order to singularize a specific symplectic manifold out of the family defined by a cocycle in H S (G,G*), i.e., in order to characterize a particular deformed coadjoint orbit, we have two options.
͑i͒
We can fix a pair (␥, 0 ), where ␥ specifies the cocycle which defines the deformation of the action and 0 precises a point in the orbit. In this case, varying the second entry we scan all the possible orbits. ͑ii͒ Alternatively, we can fix the point 0 in the coalgebra and vary instead the representative of the cocycle ␥ by modifying the coboundary, ⌬ . Since the coalgebra is a linear space, there is a canonical choice for the fixed point 0 : the zero vector. We can see from expression ͑24͒ that the set of spaces constructed this way is the same that the one derived with option ͑i͒, although translated with respect to them in such a way that all these spaces share the zero vector in G*.
However both characterizations are redundant since different pairs (␥, 0 ), or alternatively different specific representatives ␥ϩ⌬ , give rise essentially to the same orbits. Therefore it is necessary to establish an equivalence relationship in order to eliminate this ambiguity. The analysis of Sec. II A. establishing the relationship between specific symplectic structures and pseudocohomology understood as a refinement of a true cohomology, suggests us to choose the characterization ͑ii͒ for the deformed orbits. In fact, it directly leads to a refinement of symplectic cohomology, intrinsically tied to group cohomology.
In this sense we have to determine under which conditions two coboundaries ⌬ and ⌬ Ј generate the same orbit. A direct computation shows that if there exists an element hG such that ϭCoad ␥ (h)Ј ͑that is, if and ЈG* belong to the same ␥-orbit͒ then
Since ЈϪ is independent of g, spaces spanned by the action of Coad ␥ϩ⌬ and Coad ␥ϩ⌬ Ј through the zero in G* coincide, modulo a rigid translation. These orbits are trivially symplectomorphic, the symplectomorphism being this translation in G*. Summarizing with the language of symplectic cohomology, individual symplectic spaces associated with deformed coadjoints actions are classified by refinement of symplectic cohomology in such a way that two coboundaries ⌬ and ⌬ Ј are equivalent if and Ј belong to the same ␥-orbit. In other words, these individual symplectic spaces are classified by elements G* modulo the corresponding ␥-deformed coadjoint action. Note the similarity with Definition 1, to which it directly generalizes in the context of deformed coadjoint orbits.
Pseudo-cohomology from symplectic cohomology
In this section we see in a more systematic way the close relation between pseudocohomology and symplectic cohomology for the nontrivial classes (H 2 (G,U (1)) 0). The idea is to investigate how the coadjoint action Coad of G on G* is modified by a central extension. The result is that when G is centrally extended by a 2-cocycle , the coadjoint action of the extended group G , denoted by Coad , acting on G *ϭG*ϫR, turns out to be
where g ϭ(g,)G , U(1) and ϭ(, )G *. Here F(g)G*, and it is related to the 2-cocyle through the quantization 1-form , by F i (g)ϭi X i R⌰ . These functions are nothing other than the Noether invariants of the classical theory. 9 Observe that Coad (g ) does not depend on , and that does not change by this extended action ͓these two facts are related to the central character of U͑1͔͒. Since the case ϭ0 reproduces the original coadjoint action Coad of G, let us suppose 0.
From ͑30͒ it can be derived that Coad (g) can be restricted to the foliations of G * of constant , which can be identified with G*. Since Coad is an action, so it is its restriction, and this implies that F(g) must verify the condition ͑this relation can also be checked by direct computation͒:
F͑gЈg ͒ϭCoad͑ gЈ͒F͑g ͒ϩF͑ gЈ͒. ͑31͒
Therefore Noether invariants are nothing other than 1-cocycles for the coadjoint action Coad of G. Even more, they are symplectic, since its differential at the identity is precisely the Lie algebra 2-cocycle. Therefore, Coad can be identified with a deformed coadjoint action Coad ␥ , with ␥(g)ϭ F(g).
Without losing generality, we can take ϭ1.
Let us see what happens to Coad ␥ when we add to a coboundary generated by (g). A simple calculation shows that ␥ changes to ␥Ј ϭ␥ϩ␥ , where ␥ is given by
Surprisingly, ␥ is a symplectic coboundary, associated with 0 G*, and, what is more important, it depends just on 0 , not on the particular choice of . This simple relation has deep consequences since it provides the close relation between pseudo-cocycles and symplectic cohomology. It also guides us in the correct definition of subclasses of pseudo-cocycles for the nontrivial case, using the characterization of single coadjoint orbits found in the symplectic cohomology setting ͑see Sec. III C 1͒.
According to this, and since the quantization 1-form ⌰ for any central extension G characterized by the 2-cocycle always verifies ⌰͉ e ϭ(0,0,...,1) ͑that is, ϭ0 and ϭ1), we can singularize a deformed orbit in G* by considering
That is, this orbit is the image of the Noether invariants. This fact simply affirms that Noether invariants parametrize classical phase spaces. The question now is that if we add to the 2-cocycle a pseudo-cocycle generated by (g) with gradient at the identity 0 , does it define a new deformed coadjoint orbit? Can we define an equivalence relation among pseudo-cocycles as for the case of the trivial class?
Again, from the symplectic cohomology framework ͑see Sec. III C 1͒, we have the answer. First we define the following. (1)) and G 2 /(G ⌰ 2 ϫU(1)), with symplectic forms 1 and 2 , such that d⌰ 1 ϭ* 1 and d⌰ 2 ϭ* 2 , respectively, are symplectomorphic if there exists hG such that
the symplectomorphism being given by Ad (h ),
where h is such that p(h )ϭh, with p:G →G the canonical projection. Proof: Even though the result can be shown by direct calculation, the most straightforward derivation comes from splitting the central extension into two steps. First, the central extension by alone is constructed, and this group G is taken as the departing point for a second trivial extension by 1 and 2 . The study of the trivial class in G amounts for the study of that nontrivial class in G characterized by the cocycle . At this point we can apply Proposition 1 to the trivial extension of G and then take advantage of the identification between the nontrivial part (G*-component in G *) of Coad in G and Coad ␥ in G, which follows from expression ͑30͒ and its subsequent discussion. This leads directly to the claimed result.
As in the case of the trivial class, the correspondence between pseudo-cohomology classes in ͓͓͔͔ and ''deformed'' coadjoint orbits in G* is not onto. Only when we demand these coadjoint orbits to satisfy the integrality condition ͑that is, to be quantizable͒, the correspondence with pseudo-cohomology classes is one-to-one. The proof of this statement is the same as in the trivial case, see Ref. 9 .
IV. SIMPLE PHYSICAL EXAMPLES
For the sake of completeness we shall include some simple examples of relevant elementary physical phase spaces which can be obtained along the general lines here drawn.
A. The Poincaré group in 1¿1 dimensions
The simplest physical example of a phase space associated with a pseudo-cocycle corresponds to the 1ϩ1 dimensional relativistic particle. The ordinary Poincaré group in 3ϩ1 dimensions is the semidirect product of the Lorentz group ͑SO͑3,1͒͒ by the four-dimensional space-time translations. In 1ϩ1 dimensions, any element g can be parametrized by two space-time translations x 0 , x, and the boost velocity vϵc th in SO͑1,1͒, or uϭ␥v, where ␥ϭ 1/ͱ1Ϫv 2 /c 2 . We should comment that although the standard 3ϩ1 Poincaré group has trivial cohomology, the 1ϩ1-Poincaré group admits a nontrivial cocycle associated with the space-time translation subgroup. However, we shall disregard this cocycle, which has no 3ϩ1 dimensional analogue ͑that is, we shall restrict ourselves to the trivial cohomology class͒. We dwell, therefore, on the setting of Sec. II A.
The composition law, in terms of the parametrization (x 0 ϵct,x,u), is
uЉϭ␥uЈϩ␥Јu. ͑37͒
Right-and left-invariant vector fields are easily obtained by deriving the group law,
The Lie algebra G of the 1ϩ1 Poincaré group is the one satisfied by, say, left-invariant vector fields,
and the Casimir for this algebra is
The left-invariant 1-forms ͑dual to the set of left-invariant vector fields͒ are given by
We can parametrize a vector 0 in G* by its expansion coefficients in the basis associated with, say, the left-invariant forms on the group, L(i) , at the identity e of the group. That is,
͉ e ͑the minus signs are chosen for convenience, to reproduce standards results͒.
We shall construct all possible pseudo-extensions of the 1ϩ1 Poincaré group by means of an arbitrary pseudo-cocycle generated by a function with nontrivial gradient 0 G* at the identity. Let us define the generating function (g)ϭϪP 0 x 0 ϩ PxϪKu, whose gradient at the identity is 0 ͑note that we have chosen a linear function in the coordinates͒.
The question is how many different ͑nonequivalent͒ pseudo-extensions can we construct for the 1ϩ1 Poincaré group. The answer, as we already know, is given by the different coadjoint orbits in G*.
The generating function (g) previously introduced defines a pseudo-cocycle ϭ(gЈ * g)
͑41͒
This defines a central pseudo-extension G of G by U͑1͒, with group law given by ͑37͒ together with
Left-and right-invariant vector fields for the pseudo-extended group are (X 0 ‫,ץ/ץ‪ϭ‬‬ ϭ Ϫiln)
The Lie algebra G of the pseudo-extended group is
The quantization 1-form is given by
where L(i) are given by Eq. ͑40͒. The characteristic subalgebra is generated by
The Noether invariants are defined as F i ϭi X i R⌰ , which can be rewritten as
L( j) turn out to be the matrix elements associated with the coadjoint action. That is, for the case of trivial cohomology ͑or the trivial cohomology class͒, Noether invariants coincide with symplectic coboundaries ␥ ͓see Eq. ͑32͔͒. In this case, the coadjoint action is given by the matrix
The Noether invariants prove to be, then
͑47͒
The Noether invariants are not independent but, rather, they satisfy the relation
The function C:G*→R is named a Casimir function, and it is invariant under the coadjoint action. Casimir functions are closely related to Casimir operators, in fact they can be considered the classical ͑commutative͒ version of the Casimir operators. Since they are invariant under the coadjoint action, coadjoint orbits are included in the level sets of the Casimir functions.
With the help of the Casimir functions we can obtain the coadjoint orbits in G* avoiding their direct computation, which can be rather involved. For the case of the 1ϩ1 Poincaré group there is a single Casimir function, the one already found Cϭ P 0 2 Ϫ P 2 , whose level sets are conics since it is a quadratic function. We should only care about the fact that level sets can be disconnected ͑coadjoint orbits of connected Lie groups are connected͒ or, even nondifferentiable manifolds. In these cases, the level set is the disjoint union of two or more ͑even infinite͒ coadjoint orbits.
Three cases should be distinguished: CϾ0, CϽ0, or Cϭ0.
͑1͒
In the case CϾ0 we have P 0 ϭϮͱCϩ P 2 and KR. This is the translation in the K axis of the upper and lower hyperbolas, with vertices (ϮͱC,0,K), respectively.
͑2͒
In the case CϽ0 we have PϭϮͱCϩ P 0 2 and KR. This is the translation in the K axis of the left and right hyperbolas, with vertices (0,ϮͱϪC,K), respectively. ͑3͒ In the case Cϭ0 we have P 0 ϭϮP and KR. This is the union of four half-planes, (Ϯ P, P,K) with either PϾ0 or PϽ0, and KR, and the union of zero-dimensional coadjoint orbits (0,0,K), KR.
Physically, the case CϾ0 corresponds to the mass shell condition P 0 2 Ϫ P 2 ϭCϭm 2 c 2 , representing relativistic particles with rest mass mϭϮͱC/c, or particles with positive and negative energies P 0 ϭϮͱm 2 c 2 ϩ P 2 ͑they can be also interpreted as particles moving forward and backward in time͒. The case CϽ0 corresponds to tachyons with ''imaginary mass'' mϭ ͱC/c moving in the right and left directions ͑with PϾ0 or PϽ0, respectively͒. And the case Cϭ0 corresponds to photons moving forward and backward in time and in the right and left direction. When passing to 3ϩ1 dimensions, and discarding the spin, the case CϾ0 remains essentially the same, the two sheets ͑for each value of C) of the mass shell condition. The case CϽ0, due to rotations, become a single connected orbit for each value of C ͑a particle moving to the right can be converted to a particle moving to the left by a rotation͒. In the case Cϭ0, the four half-planes become two coadjoint orbits, associated with the future and past light cones. The zero-dimensional orbits (0,0,K) with K 0 do not have a counterpart in 3ϩ1 dimensions ͓the origin ͑0,0,0͒ is always a zero dimensional orbit for any Lie group͔. Now we select a particular point 0 in each coadjoint orbit, which will be used to define a pseudo-extension of the 1ϩ1 Poincaré group ͑different choices of 0 in the same coadjoint orbit will lead to equivalent pseudo-extensions͒. For the case Cϭm Finally, all coadjoint orbits satisfy the integrality condition, therefore there is a one-to-one correspondence between coadjoint orbits and pseudo-cohomology classes for this group.
Group contraction Poincaré \Galileo
Coming back to the original motivation for pseudo-cohomology in terms of Inönü -Wigner contractions, we shall present an example of generation of cohomology from pseudo-cohomology by means of group contraction.
In general, given a pseudo-cohomology class and the corresponding quantization group G , with quantization 1-form ⌰, an Inönü -Wigner contraction with respect to the characteristic subgroup G ⌰ of ⌰ automatically leads to a contracted group G c which proves to be a nontrivial extension by U͑1͒ of the contraction G c of G by the same subgroup G ⌰ .
Let us consider the pseudo-cohomology class of the 1ϩ1 Poincaré group associated with the upper sheet of the mass-shell P 0 2 Ϫ P 2 ϭm 2 c 2 . We can choose as representative point 0 ϭ(Ϫmc,0,0), and consider the pseudo-extension associated with the pseudo-cocycle with generating function,
where pϵmu and p 0 ϵͱm 2 c 2 ϩp 2 ϭmc␥. We should realize that in the nonrelativistic limit, c→ϱ, is well-behaved, in fact
which coincides with the true cocycle of the 1ϩ1 version of the Galilei group ͑64͒ ͑see the next section͒, whereas , itself, proves to be ill-defined.
Particularizing ͑43͒ for this case we have the left-invariant vector fields,
with commutation relations
and it should be again remarked that, under the nonrelativistic limit, ͑53͒ goes to the 1ϩ1 version of the Galilean algebra ͑68͒.
and its differential
is a presymplectic form that, taking quotient by the characteristic subalgebra, becomes the symplectic form on the upper sheet of the mass-shell P 0 2 Ϫ P 2 ϭm 2 c 2 , i.e., the co-adjoint orbit of mass m in the co-algebra of the Poincaré group. The symplectic structure also goes, in the limit c →ϱ, to the symplectic structure of the 1ϩ1 version of the Galilei group ͑69͒ and ͑70͒.
B. Phase space of the nonrelativistic spinning particle
The next example corresponds to a family of phase spaces associated with a refinement of a nontrivial cohomology class in the 3ϩ1 Galilei group. In order to illustrate the ideas in Sec. III, we first discuss the classification of these spaces as orbits of deformed coadjoint actions ͓in the spirit of option ͑ii͒ in Sec. III C 1͔, and then we present the results in the framework of central extensions ͑Sec. III C 2͒.
Deformed coadjoint orbits
Let us explicitly write the composition law of the 3ϩ1 Galilei group, tЉϭtЈϩt,
where the rotation matrix R(⑀ ជ ) has the explicit form
We can parametrize a vector in the coalgebra by its expansion coefficients in the basis associated with the left-invariant forms, L(i) , at the identity element e of the group. That is,
As discussed previously, the study of the symplectic manifolds obtained by deforming this coadjoint action demands the introduction of a symplectic cocycle ␥. In the case of the 3ϩ1 Galilei group, there exists a one-dimensional family ͑vector space͒ of nontrivial cohomology classes. A representative ͑a basis͒ for this family can be chosen as
where the parameter m will be related to the mass of the free particle. In order to classify the symplectic manifolds, we construct different representatives of the symplectic cocycle by first correcting ␥ m with a symplectic coboundary ⌬ and, then, applying Coad ␥ m ϩ⌬ to the 0 vector. Choosing as the generator of the coboundary the vector ϭ(ϪE 0 ,0,0,jn ជ ), where n ជ is an arbitrary unit vector and E 0 is considered the ''internal energy,'' we find ⌬ ϭCoad͑t,x ជ ,v ជ ,⑀ ជ ͒͑ ϪE 0 ,0,0,jn ជ ͒Ϫ͑ ϪE 0 ,0,0,jn ជ ͒ϭ͑ 0,0,0,jR͑⑀ ជ ͒n ជ Ϫ jn ជ ͒. ͑60͒
The orbits are then generated by the action
From this expression, one can characterize the orbits as subspaces in R 1ϩ3ϩ3ϩ3 defined by the constraints
In the case j 0, this is an eight-dimensional space, which can be seen as the topological product of R 3ϩ3 parametrized by the position and momentum of the particle, (Q ជ , P ជ ), times a sphere of radius j related to a spinning angular momentum. These orbits could be regarded as the classical phase space for the quantization of the free particle with mass m and spin j. In the case jϭ0, the second constraint expands into three, J ជ ϭx ជ ∧mv ជ , giving rise to the six-dimensional phase space of a particle without spin.
Finally, we note that these spaces in fact exhaust all possible orbits. This can be seen by using the result that orbits are classified by elements G* modulo ␥-orbits: ⌬ and ⌬ Ј give rise ͑modulo a rigid translation͒ to the same orbit if and only if the relation ЈϭCoad ␥ (h) holds for some h. In our case, ϭ(ϪE 0 ,0,0,jn ជ ), and denoting hϭ(t,x ជ ,v ជ ,⑀ ជ ), we find
͑63͒
Under free variation of the parameters in this expression, R 10 is fully spanned. In addition, noting that the parameter E 0 simply induces a rigid translation of the orbits, we conclude that ϭ(0,0,0,jn ជ ) covers all possible different cases up to symplectomorphism ͑in fact, it suffices with varying j, the direction of n ជ being irrelevant͒.
Quotient spaces in the extended Galilei group
We now study the way in which this family of symplectic spaces parametrized by j, emerges from pseudo-cohomology classes. First, the Galilei group must be extended by introducing a new group variable . The composition law ͑56͒ is completed with and j (gЈ,g) is the pseudo-cocycle generated by the function of the rotation parameters ͑with nontrivial gradient at the identity͒
Again, n ជ is an arbitrary unit vector in the ''spin-quantization direction.'' In this way, the explicit law for the parameter ϵϪi Log is
͑66͒
The left-invariant vector fields are straightforwardly computed,
providing the following nontrivial commutators:
͑68͒
Again, from ͑67͒, the precontact 1-form ⌰ and the presymplectic 2-form d⌰ can be derived, with the result
where we have introduced the ''spin'' parameter S ជ ϵ jR(⑀ ជ )n ជ ͑which is related to Noether invariants for the rotations group͒. Finally, the quotient of the Galilei group by the kernel of d⌰ leads to the 4ϩ4 dimensional symplectic manifolds with the topology R 3 ϫR 3 ϫS 2 , for j 0, and to R 3 ϫR 3 , for jϭ0. It must be stressed that the half-integral value of the spin, j, is associated with the winding number of the application e i j : SU(2)→ U(1), which generate the cocycle e i j , where SU͑2͒ is the universal covering of the rotation subgroup, SO͑3͒.
We can make explicit contact with the deformed coadjoint orbit approach, by illustrating the formula ͑33͒, where F(g)ϭ (F 1 (g), . . . ,F 10 (g))ϭ(i X 1 R⌰ , . . . ,i X 10 R ⌰). Calculating the rightinvariant vector fields,
